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A Note on Paddi ng

The padding on a nessage is a string of the form 10*. For Hosts with
word lengths 16, 32, 48, etc., bits long, this string is necessarily in
the last word received fromthe Inp. For Hosts with word | engths which
are not a nultiple of 16 (but which are at least 16 bits long), the 1
bit will be in either the last word or the next to last word. O
course if the 1 bit is in the next to last word, the last word is al
zero.

An unpl easant coding task is discovering the bit position of the 1 bit
within its word. One obvious technique is to repeatedly test the

| ow-order bit, shifting the word right one bit position if the

| oworder bit is zero. The follow ng techniques are nore pl easant.
Isolating the Low-Order Bit

Let Wbe a non-zero word, where the word length is n. Then Wis of the
form

wher e 0<=k<n
and the x’s are arbitrary bhits.

Assuming two's conpl enent arithnetic,

W1 = X....x01....1
-W = X....x10....0
W = X....x01....1

By using AND, OR and exclusive OR with various pairs of these
quantities, useful new forns are obtained.

For exanpl e,
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WAND W1 XX...x00....0
\_ I\ _ /

\%
-k-

——
n 1 k
thus renoving the loworder 1 bit;

also WAND -W = 0....010....0
I B

V V
n-k-1 k

thus isolating the | oworder bit.

Bel ow, we will focus solely on this |last result; however, in a
particular application it nmay be advantageous to use a variation

Determ ning the Position of an Isolated Bit

The two obvi ous techniques for finding the bit position of an isolated
bit are to shift repetitively with tests, as above, and to use floating
nornal i zati on hardware. On the PDP-10, in particular, the JFFO
instruction is nade to order*. On nmachines w th hexadeci nmal
normalization, e.g. 1BM360's and XDS Sigma 7's, the normalization
hardware may not be very convenient. A different approach uses
division and table | ook-up

k
A word with a single bit on has an unsigned integer value of 2 for

k

O<=k<n. |If we choose a p such that nmod(2 ,p) is distinct for each

O<=k<n, we can make a table of length p which gives the correspondence
k
bet ween mod(2 ,p) and k. The remainder of this paper is concerned with

the selection of an appropriate divisor p for each word Il ength n

*Sonme of the CDC nachi nes have a "popul ati on count” instruction which
k
gives the nunber of bits in a word. Note the 2 -1 has exactly k bits

on.
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Exanpl e

Let n =8 and p = 11

Then

0

nod(2, 11) = 1
1

nmod(2, 11) = 2
2

mod(2, 11) = 4
3

nod(2, 11) = 8
4

nmod(2, 11) = 5
5

mod(2, 11) = 10
6

nod(2, 11) = 9
7

nmod(2, 11) = 7

This yields a table of the form

r emai nder bit position
0 - -
1 0
2 1
3 --
4 2
5 4
6 - -
7 7
8 3
9 6

10 5
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Good Divisors

The divisor p should be as small as possible in order to mninmze the
|l ength of the table. Since the divisor nust generate n distinct

remai nders, the divisor will certainly need to be at least n. A

remai nder of zero, however, can occur only if the divisor is a power of
2. If the divisor is a small power of 2, say 2J for j <n-1, it wll
not generate n distinct remainders; if the divisor is a |arger power of
2, the correspondence table is either 2n-1 or 2n in length. W can
thus rule out zero as a remai nder value, so the divisor nmust be at

| east one nore than the word length. This bound is in fact achieved
for some word | engths.

Let R(p) be the nunber of distinct remainders p generates when divided
into successively higher powers of 2. The distinct renmainders all occur

for the R(p) |owest powers of 2. Only odd p are interesting and the
followi ng table gives R(p) for odd p between 1 and 21

p R(p) p R(p)
1 1 13 12
3 2 15 4

5 4 17 8

7 3 19 18

9 6 21 6
11 10

This table shows that 7, 15, 17 and 21 are usel ess divisors because
there are snmaller divisors which generate a | arger nunber of distinct
remainders. If we limt our attention to p such that p > p’° =>

R(p) > R(p’), we obtain the follow ng table of useful divisors for

p < 100.
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p R(p) p R(p)
1 1 29 28
3 2 37 36
5 4 53 52
9 6 59 58
11 10 61 60
13 12 67 66
19 18 83 82
25 20

Notice that 9 and 25 are useful divisors even though they generate only
6 and 20 renmi nders, respectively.

Det erm nation of R(p)
If pis odd, the renuninders
0
mod(2 , p)

1
mod(2 , p)

t
will be between 1 and p-1 inclusive. At sone power of 2, say 2, there

k t

will be a repeated remainder, so that for some k <t, 2 =2 nod p.

t+1 k+1
Si nce 2 =2 mod p

t+2 k+2
and 2 =2 nmod p

etc.
0 t-1

all of the distinct remainders occur for 2 ...2 . Therefore, R(p)=t.
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Next we show t hat

R(p)
2 =1 nod p
R(p)
We al ready know that 2

for some 0<=k<R(p).

K+ k
2 =2 nodp
i k k
or 2 *2 =2 nmodp
] k
or (2 -1)*2 = 0 nmod p

k
Now p does not divide 2 be

2 -1 0 nod
J
2 =

1 nod

Since |
than 0 |l ess than R(p) such

k 0
2 =2 nod p,

R(
we nust have j=R(p), or 2

We have thus shown that for
for k =0, 1,...,

R(p)
2 = 1 mod p.

We now consi der even p. Le

q
p=p*2,
where p’ is odd. For k<q,
For k>=q,
k q k-
mod(2 ,p) = 2 *nmod(2

A Not e on Paddi ng

k
=2 nmodp

Let j=R(p)-k so 0<j<=R(p).

cause p is odd,

p
p

t hat

p)
= 1 mod p.

odd p,

R(p)-1 and then repeat exactly,

t

k
mod(2 , p)

q
1p’)'

J
so p nust divide 2 -1.

RFC 70

Then

Thus

is greater than 0 by hypothesis and since ther is no k other

k

the remai nders nod(2 ,p) are unique

beginning with

k k

is clearly just 2 because 2 <p
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Fromthis we can see that the sequence of renainders will have an
g-1
initial segment of 1, 2, ...2 of length g, and repeating segnents of

length R(p’). Therefore, R(p) = g+R(p’). Since we nornally expect
R(p) ~ p,

even p generally will not be useful.

I don’t know of a direct way of choosing a p for a given n, but the

previous table was generated fromthe follow ng Fortran programrun
under the SEX system at UCLA.

0
CALL | ASSGN(’ OC ', 56)
1 FORMAT( 1 3, | 5)
M=0
DO 100 K=1, 100, 2
K=1
L=0
20 L=L+1
N=MOD( 2* N, K)
I F(N. GT. 1) GO TO 20
IF(L.LE.M GO TO 100
MEL
WRI TE(56, 1) K, L
100 CONTI NUE
STOP
END

Fortran programto conputer useful divisors
In the program K takes on trial values of p, N takes on the val ues of

the successive remainders, L counts up to R(p), and M renenbers the
previous largest R(p). Execution is quite speedy.
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Resul ts from Nunber Theory
The quantity referred to above as R(p) is usually witten Od 2 and is
read "the order of 2 nod p". The nmaximumvalue of Ord 2 is gipven by
Eul er’ s phi-function, sonetines called the totient. Tﬁe totient of a
positive integer p is the nunber of integers less than p which are
relatively prime to p. The totient is easy to conpute froma
representation of p as a product of prines:
n n n
Let p=p 1*p 2...p k
1 2 k
where the p are distinct prinmes. Then
| k -1 k -1 k -1

phi(p) =(p-1) *p 1 *(p-1) *p 2 ... (p-1) *p Kk
1 1 2 2 K

If pis prime, the totient of pis sinply
phi (p) = p-1.
If pis not prine, the totient is snaller.

If ais relatively prime to p, then Euler’s generalization of Fermat’'s
t heorem st at es

phi (m

a = 1 nod p.

It is this theorem which places an upper bound Ord 2, because Ord 2 is
p p

the smal | est val ue such that

Od 2
2 p =1nodp

Moreover it is always true that phi(p) is divisible by Od 2.
p
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