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Status of This Meno

This menmo is a report on the discussion of the representation of
equations in a workshop at the ACM SI GGRAPH Conference held in
Anaheim California on 30 July 1987. Distribution of this meno is
unlimted.

I nt roducti on

Since the 1950’s, many researchers have worked to realize the vision
of natural and powerful conputer systens for interactive mathematica
wor k. Nowadays this vision can be expressed as the goal of an

i ntegrated system for synbolic, numerical, graphical, and
docunent ati onal mathematical work. Recently the devel opnent of
personal conputers (with high resolution screens, w ndow systens, and
m ce), high-speed networks, electronic mail, and el ectronic

publi shing, have created a technol ogi cal base that is nore than
adequate for the realization of such systems. However, the growth of
separate Mathematical Typesetting, Miltinedia Electronic Mil
Nunerical Computation, and Conputer Al gebra comunities, each with
its own conventions, threatens to prevent these systens from being
built.

To be specific, little thought has been given to unifying the
different expression representations currently used in the different
communities. This must take place if there is to be interchange of
mat hemat i cal expressi ons anong Docurent, Display, and Conputation
systens. Also, tools that are wanted in several comunities (e.g.

WYSI WG mat hemati cal expression editors), are being built

i ndependently by each, with little awareness of the duplication of
effort that thereby occurs. Wrst of all, the anple opportunities
for cross-fertilization anong the different communities are not being
expl oited. For exanple, sone Conputer Al gebra systems explicitly
associate a type with a mathemati cal expression (e.qg., 3 x 3 matrix
of polynom als with conpl ex nunber coefficients), which could enable
aut omat ed mat h proofreaders, anal ogous to spelling checkers.

The goal of the Wirkshop on Environnents for Conputationa
Mat hemati cs was to open a di al ogue anong representatives of the
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Conput er Al gebra, Nunerical Conputation, Miultinedia Electronic Mil,
and Mat hematical Typesetting communities. In July 1986, during the
Conput ers and Mat hematics Conference at Stanford University, a subset
of this year’'s participants nmet at Xerox PARC to di scuss User
Interfaces for Conmputer Al gebra Systenms. This group agreed to hold
future neetings, of which the present Workshop is the first. Al an
Katz's recent essay, "lssues in Defining an Equati ons Representation
St andard”, RFC- 1003, DDN Network Information Center, March 1987
(reprinted in the ACM SI GSAM Bul l etin May 1987, pp. 19-24),

i nfluenced the discussion at the Wrkshop, especially since it

di scusses the interchange of mathematical expressions.

This report does not aimto be a transcript of the Wrkshop, but
rather tries to extract the nmajor points upon which (in the Editor’s
vi ew) rough consensus was reached. It is the Editor’s view that the
Wor kshop di scussion can be summari zed in the formof a basic
architecture for "Standard Mat hematical Systens", presented in
Section Il below Meeting participants seened to agree that: (1)

exi sting mat hematical systens should be augnented or nodified to
conformto this architecture, and (2) future systens should be built
in accordance with it.

The Tal ks and Panel - Audi ence di scussi ons at the Wrkshop were

vi deotaped. Currently, these tapes are being edited for subm ssion
to the SIGGRAPH Video Review, to forma "Video Proceedings". |If
accepted by SI GGRAPH, the Video Proceedings will be publicly

avail abl e for a nomnal distribution charge

One aspect of the mathematical systens vision that we explicitly left
out of this Wrkshop is the question of "intelligence" in

mat hemati cal systens. This has been a powerful notivation to systens
buil ders since the early days. Despite its inmportance, we do not
expect intelligent behavior in mathematical systems to be realized in
the short term and so we leave it aside. Conputer Assisted
Instruction for mathematics also |lies beyond the scope of the

Wor kshop. And al though it m ght have been appropriate to invite
representatives of the Spreadsheets and G aphics communities, we did
not. Many of those who were at the Wbrkshop have gi ven consi derabl e
thought to Spreadsheets and Graphics in mathematical systens.

Fi nanci al support fromthe Xerox Corporation for AudioVisua

equi prent rental at SIGGRAPH is gratefully acknow edged. Thanks are
due to Kevin Mlsaac for serving as chief canmeranman, providing
critical coments on this report, and contributing in diverse other
ways to the Workshop. Thanks also to Richard Fatenman, M chae
Spivak, and Neil Soiffer for critical comments on this report.
Subhana Menis and Erin Fol ey have hel ped with | ogistics and
docunentation at several points along the way.

I nformati on on the Video Proceedi ngs, and any other aspect of the
Wor kshop can be obtained fromthe author of this report.
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I. Particulars of the neeting

The Workshop had four parts: (1) Talks, (2) Panel Discussion, (3)
Panel and Audi ence di scussion, (4) and Live denbs. Only a few of the
systens presented in the talks were denonstrated |ive. However, nany
of the tal ks contai ned videotapes of the systens being di scussed.

The tal ks, each 15 minutes in | ength, were:

1. "The MathCad System a Graphical Interface for Conputer
Mat hemati cs", Richard Smaby, Mat hSOFT | nc.

2. "MATLAB - an Interactive Matrix Laboratory", Ceve Mler,
Mat hWor ks | nc.

3. "Mlo: A Macintosh System for Students", Ron Avitzur, Free Lance
Devel oper, Palo Alto, CA

4. "MathScribe: A User Interface for Conputer Al gebra systens", Neil
Soi ffer, Tektronix Labs.

5. "INFOR an Interactive WYSI WG System for Technical Text",
Wl liam Schelter, University of Texas.

6. "Iris User Interface for Conputer Al gebra Systens", Benton Leong,
Uni versity of Waterl oo.

7. "CaminoReal: A Direct Manipulation Style User Interface for
Mat hemati cal Software", Dennis Arnon, Xerox PARC.

8. "Donmmi n-Driven Expression Display in Scratchpad 11", Stephen
Watt, |BM Yorktown Heights.

9. "Internal and External Representations of Valid Mathemati cal
Reasoni ng", Tryg Ager, Stanford University.

10. "Presentation and |Interchange of Mathenatical Expressions in the
Andrew Systent, Maria Wadl ow, Carnegi e-Mellon University.

The Panel discussion |lasted 45 minutes. The panelists were:
Ri chard Fateman, University of California at Berkel ey
Ri chard Jenks, |BM Yorktown Hei ghts

M chael Spivak, Personal TeX
Ronal d Whitney, American Mathematical Society
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The panelists were asked to consider the follow ng issues in planning
their presentations:

1. Should we try to build integrated docunentation/conputation
syst ens?

2. WYSI WG editing of mathematical expressions.
3. Interchange representati on of mathemati cs.

4. User interface design for integrated docunentation/conputation
syst ens.

5. Coping with [arge mat hemati cal expressions.

A Panel - Audi ence di scussion | asted another 45 m nutes, and the Denpbs
| ast ed about one hour.

O her Workshop participants, besides those nanmed above, included:

S. Kamal Abdali, Tektronix Labs

George Allen, Design Science

Al an Katz, Information Sciences Institute

J. Robert Cooke, Cornell University and Cooke Publications
Larry Lesser, |Inference Corporation

Tom Li bert, University of M chigan

Kevi n Mcl saac, Xerox PARC and University of Western Australia
El i zabet h Ral ston, |nference Corporation

I'l. Standard Mat henmatical Systens - a Proposed Architecture

We postul ate that there is an "Abstract Syntax" for any mat hematica
expression. A piece of Abstract Syntax consists of an Operator and
an (ordered) list of Argunents, where each Argurment is (recursively)
a piece of Abstract Syntax. Functional Notation, Lisp SExpressions,
Directed Acyclic Graphs, and N-ary Trees are equival ent
representations of Abstract Syntax, in the sense of being equally
expressi ve, although one or another mght be considered preferable
fromthe standpoint of computation and algorithns. For example, the
functional expression "Plus[Tinmes[a,b],c]" represents the Abstract
Syntax of an expression that would commonly be witten "a*b+c"

A "Standard Mat hematical Conponent" (abbreviated SMC) is a collection
of software and hardware nodules, with a single function, which if it
reads mat hematical expressions, reads them as Abstract Syntax, and if
it wites mathenmatical expressions, wites themas Abstract Syntax.

A "Standard Mat hematical Systent (abbreviated SM5) is a collection of
SMC' s which are used together, and which comruni cate with each ot her

in Abstract Syntax.

We identify at |east four possible types of conmponents in an SMs.
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Any particular SM5 nmay have zero, one, or several instances of each
component type. The connection between two particul ar conponents of
an SM5, of whatever type, is via Abstract Syntax passed over a "wire"
joining them

1) EDs - Math Editors

These edit Abstract Syntax to Abstract Syntax. A particular system
may have editors that work on sonme ot her representations of

mat hematics (e.g., bitmaps, or particular formatting | anguages),
however they do not qualify as an ED conponents of a SM5. An ED nmay
be WYSI WG or | anguage-ori ent ed.

2) DISPs - Math Displ ayers

These are suites of software packages, device drivers, and hardware
devices that take in an expr in Abstract Syntax and render it. For
exampl e, (1) the combination of an Abstract Syntax->TeX translator,
TeX itself, and a printer, or (2) a plotting package plus a plotting
device. A DI SP conmponent may or may not support "pointing" (i.e.

sel ection), within an expression it has displayed, fix a printer
probably doesn’t, but term nal screen may. If pointing is supported,
then a DI SP conponent nust be able to pass back the sel ected
subexpression(s) in Abstract Syntax. W are not attenpting here to
foresee, or linmt, the selection mechanisns that different DI SPs may
offer, but only to require that a DISP be able to communicate its
sel ections in Abstract Syntax.

3) COWSs - Conputation systens

Exanpl es are Nunerical Libraries and Conputer Al gebra systems. There
are questions as to the state of a COW conponent at the tine it
recei ves an expression. For exanple, what global flags are set, or
what previ ous expressions have been conputed that the current
expression may refer to. However, we don't delve into these hard

i ssues at this tine.

4) DOCs - Docunent systens

These are what would typically called "text editors", "docunent
editors", or "electronic nail systens". W are interested in their
handling of math expressions. In reality, they manage other docunent

constituents as well (e.g., text and graphics). The design of the
user interface for the interaction of math, text, and graphics is a
nontrivial problem and will doubtless be the subject of further
research.

A typical SM5 will have an ED and a DI SP that are much nore closely
coupled than is suggested here. For exanple, the ED s interna
representation of Abstract Syntax, and the DI SP's interna
representation (e.g., a tree of boxes), may have pointers back and
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forth, or perhaps may even share a common data structure. This is
acceptable, but it should always be possible to access the two
components in the canonical, decoupled way. For exanple, the ED
shoul d be able to receive a standard Abstract Syntax representation
for an expression, plus an editing command in Abstract Syntax (e.g.,
Edit[expr, cnd]), and return an Abstract Syntax representation for
the result. Simlarly, the DI SP should be able to receive Abstract
Syntax over the wire and display it, and if it supports pointing, be
able to return sel ected subexpressions in Abstract Syntax.

The boundari es between the conmponent types are not hard and fast. For
exanpl e, an ED mi ght support sinple conputations (e.g.,
simplification, rearrangenent of subexpressions, arithmetic), or a
DOC might contain a facility for displaying mat hemati cal expressions.
The key thing for a given nodule to qualify as an SMCis its ability
to read and wite Abstract Syntax.

I'l'l. Recomendations and Qualifications

1. It is our hypothesis that it will be feasible to encode a rich
variety of other |anguages in Abstract Syntax, for exanple,
programm ng constructs. Thus we intend it to be possible to
pass such things as Lisp formatting prograns, plot prograns,
TeX nacros, etc. over the wire in Abstract Syntax. W also
hypot hesi ze that it will be possible to encode all present and
future mathematical notations in Abstract Syntax (e.g.,
commut ative diagranms in two or three dinmensions). For
exanple, the 3 x 3 identify matrix m ght be encoded as:

Matrix[ [1,0,0], [0,1,0], [0,0,1] ]
whil e the Abstract Syntax expression

Matrix[5, 5, Diagonal Row 1, ThreeDots[], 1],
Bel owDi agonal Tri angl e[ Fl exZero[]],
AboveDi agonal Tri angl e[ Fl exZero[]]]

m ght encode a 5 x 5 matrix which is to be displayed with a
"1" in the (1,1) position, a "1" in the (5,5) position, three
dots between themon the diagonal, a big fat zero in the | ower
triangle indicating the presence of zeros there, and a big fat
zero in the upper triangle indicating zeros.

2. W assune the use of the ASCII character set for Abstract Syntax
expressions. Geek letters, for exanple, would need to be
encoded with expressions |ike G eek[al phal], or Al phal].
Simlarly, font encoding is achieved by the use of Abstract
Syntax such as the following for 12pt bold Ti mes Ronan:

Font[ti mesRoman, 12, bold, <expression>] Two SMCs are free to
comruni cate in a larger character set, or pass font
specifications in other ways, but they should always be able to
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express themsel ves in standard Abstract Syntax.

3. COWs (e.g., Computer Algebra systens), should be able to
communi cate in Abstract Syntax. Existing systens should
have transl ators to/from Abstract Syntax added to them In
addition, if we can establish a collection of standard nanes and
argunent lists for comon functions, and get all COVW's to read
and wite them then any Conputer Al gebra systemw || be able to
talk to any other. Some exanpl es of possible standard names and
argunent |ists for comon functions:

Plus[a,b,...]

M nus] a]

M nus| a, b]

Times[a, b,...]

Di vi de[ <nuner at or >, <denomi nat or >]

Power [ <base>, <exponent >]

Parti al Derivative[ <expr>, <var>]

Integral [ <expr>, <var>, <lowerLimt>, <upperLinit>] (linmts optional)
Summat i on[ <<summand>, <lowerLimt>, <upperLimt>] (limts optional)

A particul ar algebra systemmy read and wite nonstandard
Abstract Syntax. For exanpl e:

Pol ynomi al [ Vari abl es[x, y, z], List[Ternicoeff, xExp, yExp, zExp],

but, it should be able to translate this to an equival ent standard
representation. For exanpl e:

Pl us[ Ti mes[ coeff, Power[x, xExp],

4. A DOC nust store the Abstract Syntax representations of the
expressions it contains. Thus it's easy for it to pass its
expressions to EDs, COWPs, or DISPs. A DOCis free to store
addi tional expression representations. For exanple, a tree of
Boxes, a bitmap, or a TeX description.

5. DISPs will typically have | ocal databases of formatting
information. To actually render the Abstract Syntax, the DI SP
checks for display rules in its database. |If none are found,
it paints the Abstract Syntax in sone standard way. Loca
formatti ng dat abases can be overridden by formatting rul es passed

over the wire, expressed in Abstract Syntax. It is formatting
dat abases that store know edge of particul ar display
environnments (for e.g., "typesetting for Journal X')

The paradigmwe wish to followis that of the genetic code: A

mat hemat i cal expression is like a particular instance of DNA and
upon receiving it a D SP consults the appropriate formtting

dat abase to see if it understands it. |If not, the DI SP just
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"passed it through unchanged". The expression sent over the wire
may be acconpani ed by directives or explanatory informtion,
whi ch again may or may not be meaningful to a particular DISP. In

reality, formatti ng databases may need to contai n Expert
System | evel sophistication to be able to produce professional
quality typesetting results, but we believe that useful results
can be achieved even without such sophistication.

6. Wth the use of the SMC s specified above, it becones easy to use
any DOC as a logging facility for a session with a COW. Therefore,
i mprovenents in DOCs (e.g., browsers, |evel structuring, active
docunents, audit trails), will automatically give us better
| oggi ng mechani sms for sessions with al gebra systens.

7. Note that Abstract Syntax is human-readable. Thus any text
editor can be used as an ED. O course, in a typical SMS, users
shoul d have no need to | ook at the Abstract Syntax fl ow ng
through the internal "wires" if they don’t care to. Many wll
want to interact only with mathenmatics that has a textbook-Iike
appear ance, and they should be able to do so.

8. Alan Katz's RFC (cited above) distinguishes the form(i.e.,
appearance) of a mathenatical expression fromits content (i.e.,
meani ng, value). W do not agree that such a distinction can be
made. We claimthat Abstract Syntax can convey form meaning,
or both, and that its interpretation is strictly in the eye
of the beholder(s). Meaning is just a handshake between sender
and reci pi ent.

9. Help and status queries, the replies to help and status queries,
and error nessages should be read and witten by SMC s in
Abstract Synt ax.

10. In general, it is permssible for two SMC s to use private
protocols for comunication. Qur exanple of a tightly coupled ED
and DI SP above is one exanple. Two instances of a Macsyna COWP
woul d be another; they mght agree to pass Macsyna i nternal
representations back and forth. To qualify as SMC s, however,
they should be able to translate all such exchanges into
equi val ent exchanges in Abstract Syntax.
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